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Abstract. We give a proof of Cartlidge's result on the P operator norms of weighted mean 
matrices for p = 2 on interpreting the norms as eigenvalues of certain matrices. 



1. Introduction 

Suppose throughout that p ^ 0, - + - = 1. Let l p be the Banach space of all complex sequences 
a = (fln)n>i with norm 



taJP) 1 '' < oo. 



I|a||:=(£ 

n=l 

The celebrated Hardy's inequality (0 Theorem 326]) asserts that for p > 1, 
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Hardy's inequality can be regarded as a special case of the following inequality: 



oo oo 



j=l k=l k=l 

in which C = (cj and the parameter p are assumed fixed (p > 1), and the estimate is to hold for 
all complex sequences a. The l p operator norm of C is then defined as the p-th root of the smallest 
value of the constant U : 

i_ 

\\C\\p,p = Up. 

Hardy's inequality thus asserts that the Cesaro matrix operator C, given by Cj^ = l/j,k < j 
and otherwise, is bounded on V and has norm < p/(p — 1). (The norm is in fact p/(p — 1).) 

We say a matrix A is a summability matrix if its entries satisfy: aj k > 0, aj k = for k > j and 
X)i=i a j,k = 1- We say a summability matrix A is a weighted mean matrix if its entries satisfy: 

j 

(1.2) a jyk = X k /Aj, l<k<j;A j= Y, K \ >0,\i> 0. 

2=1 

Hardy's inequality (jl.ip now motivates one to determine the V operator norm of an arbitrary 
summability matrix A. In an unpublished dissertation [4J, Cartlidge studied weighted mean matri- 
ces as operators on V and obtained the following result (see also [21 p. 416, Theorem C]). 

Theorem 1.1. Let 1 < p < oo be fixed. Let A be a weighted mean matrix given by (|1.2j) . // 
(1-3) L = sup(^±i - ^)< p , 

then \\A\\ PiP <p/(p-L). 



Date: June 11, 2007. 

2000 Mathematics Subject Classification. Primary 47A30. 
Key words and phrases. Hardy's inequality. 

1 



2 



PENG GAO 



We note here there are several published proofs of Cartlidge's result. Borwein [3] proved a far 
more general result than Theorem 11.11 on the l p norms of generalized Hausdorff matrices. Rhoades 
[11] Theorem 1] obtained a slightly general result than Theorem 11.1] using a modification of the 
proof of Cartlidge. Recently, the author [6] also gave a simple proof of Theorem 11.11 

It is our goal in this note to give another proof of Theorem 11.11 for the case p = 2, following 
an approach of Wang and Yuan in [12] . which interprets the left-hand side of (jl.ip when p = 2 
as a quadratic form so that Hardy's inequality follows from estimations of the eigenvalues of the 
corresponding matrix associated to the quadratic form. We will show in the next section that the 
same idea also works for the case of weighted mean matrices. 

2. Proof of Theorem 11.11 for p = 2 

We may assume a n being real without loss of generality and it suffices to prove the theorem 
for any finite summation from n = 1 to N with N > 1. We also note that it follows from our 
assumption on L that A n > 0. Now consider 

Nn,Nn,. N N \ \ 

El \ -* Aj \ l \ -> / \ -> AjAj \ \ -> \ -> AjA,- 

\2^JT n ai ) = l^\l^ -£T aia i) = Z> " <.;"'";• a i,j = 2^ 

n=l 2=1 n=l i,j=1. n n=l fc>max(i,j) ^ 

We view the above as a quadratic form and define the associated matrix A to be 

Oii.j ) 

We note that the matrix A here is certainly positive definite, being equal to B t B with B a lower- 
triangular matrix, 

B = (bi j) , bij = Xj/K, 1 < j < i\ bij = 0, j > i. 

\ Jl<i,j<N 

It is easy to check that the entries of B -1 are given by 

(i?- 1 ). . = ^, (B- 1 ).^ . = -t^-, (B- 1 ) .. = otherwise. 

In order to establish our assertion, it suffices to show that the maximum eigenvalue of A is less 
than 4/(2 - L) 2 or the minimum eigenvalue of its inverse A 1 is greater than (2 — L) 2 /4 which is 
equivalent to proving that the matrix A~ 1 — XIn is positive definite, where A = (2 — L) 2 /4 and Ijv 
is the N x N identity matrix. Using the expression A^ 1 = B^ 1 (B~ 1 ) t , we see that this is equivalent 
to showing that for any integer N > 1 and any real sequence a = (a n )i< n <N, 

{0U W A « A n \ 2 A 2 N 2 (2-L) 2 ^ 2 

n=l VA " K+1 ' A N 4 n=1 

For any integer n > 1 and fixed constants a, (3, a n +%, /J, n (here a, (3 may depend on n), we 
consider the following function: 

/(an) := (aa n - /?«n+i) 2 - /i»a^ 
When fi n > a 2 , it is easy to see that 

(2.2) f(a n ) < /( ^±1) = ^±i, 

with the above inequality reversed when /j, n < a 2 . 

On taking a = A n /X n ,(3 = A n /X n +i here, we obtain that for any < \i n < A 2 /A 2 , 

(A n _ A n \ 2 2 A 2 / A 2 +1 2 

\ X n A n+ i / A n /X n - [l n 
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Summing the above inequality for n = 1, . . . ,N — 1 yields: 

( 2 - 3 ) ^r an ~ ~\ — an+1 + ~xr a N 

^[ ^A n A n+ \ / A N 

^ 2 , ( A n/ X n+1 \ 2 , / ^jy A iV-lAAT 

> ll\a x + > I /X ra+ l - //„ I a n+1 + I ~2 -r"2 7T2 



We now want to find a number satisfying < fi n < A^/A 2 for any integer n > 1, such that the 
following inequality holds for 1 < n < iV — 1: 

, ^ A nAn+l (2-^) 2 

For this purpose, we set 

fin = (k + c)^ - c, k = (2 - L) 2 /4, 

with c a constant to be specified later. For the so chosen // n 's, inequality (|2.4p can be seen to be 
equivalent to 

(2.5) (k + c)x 2 + (k + c)x - ((k + c)x - c)y - (k + c)((k + c)x - c) - c > 0. 

where x = A n /X n and y = A n +i/A n +i. Note that by the assumption (|1.3p . it follows that y <x + L 
and the case n = 1 of (|1.3|) implies L > 0. Note also that x > 1 so that the left-hand side expression 
of inequality (12. 5p is an decreasing function of y for fixed x. Hence we can replace y there and 
conclude that (12. 5h follows from the following inequality: 

(k + c)x 2 + (k + c)x - [(k + c)x -c)(L + x) - (k + c) {(k + c)x - c) - c > 0. 

Equivalently, we can recast the above inequality as: 

(2.6) (k + 2c- L(k + c) - {k + c) 2 )x + cL + c{k + c)-c> 0. 

In order for the above inequality to hold for all x > 1, we need to choose c so that 

(2.7) k + 2c-L(k + c) - {k + cf > 0. 

We now choose the value of c so that the left-hand side expression above when considered as a 
function of c is maximized. It is easy to see that in this case, c + k = (2 — L)/2 so that 

L(2 - L) 
C= ^4— 

It is then easy to check that for the so chosen c, the left-hand side expression of inequality (|2.T|) is 
reduced to and the left-hand side expression of inequality (|2.6p becomes cL/2 > 0. It follows that 
inequality (|2.4p holds for 1 < n < N — 1. Note also that in our case \x\ = k and for 1 < n < N, 

a_L. \ A " wt-^A / 2-L \ A w A n A 2 

< /i n = (fc + c)— - C < (fc + c)— = I — — I — < — < -rj, 
A n A n \ Z / A n A n A n 

so that our assumption < \x n < A 2 /A 2 is satisfied. In particular, we have 

A% A^/A 2 , AjUA| > (2-Lf 

72 7? 7T2 MiV-i > UN - 72 7T2 Wv-i ^ -; • 

X N A N-l/ X N-l A W-l/ A W-l _ wv-i 4 

From this we see that inequality (|2.ip follows from inequality (|2.3p and this completes the proof. 
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3. Further Discussions 

We poin out here inequality (|2.1h can be regarded as an analogue to the following discrete 
inequality of Wirtinger's type studied by Fan, Taussky and Todd Theorem 8]: 



N-l N 

(3.1) a i+Yl ( a " ~ a «+i) 2 + a N > 2 (l - cos ^qry ) Y a n- 

n=l n=l 

Converses of the above inequality was found by Milovanovic and Milovanovic [9]: 

N-l N 

(3.2) a 2 + K - «n+i) 2 + a% < 2 (l + cos -^-) ^ a* . 

rt=l n=l 



Simple proofs of inequalities (|3.ip and (|3.2p were given by Redheffer [10] and Alzer pQ, respectively. 
Our proof of Theorem 11.11 for p = 2 in the previous section is motivated by the methods used in 
[ID] and pp. 

To end this paper, we note the paper [8] contains several generalizations of inequalities of ([3.1 p 
and (13. 2p . one of them can be stated as: 

Theorem 3.1. For any real sequence a = (a n )i< n <7v, and two positive real numbers a,b, 
(3.3) 

N N-l N 

(a 2 +b 2 —2ab cos — — Y^ a n — b 2 a 2 +Y^{ aa n—ba n+ i) 2 +a 2 a 2 N < (a 2 +b 2 +2ab cos — — Y^ a n- 

n=l n=l n=l 

The proof given in [8] to the above theorem is to regard 

N-l 

n=l 

as a quadratic form with the associated matrix A being symmetric tridiagonal with its entries given 

by 

( A )i,i = « 2 + &2 > (4,w = = = otherwise. 

The eigenvalues of A are shown in [8] to be a 2 + b 2 + 2abcos( -j^r± ), 1 < k < N, from which Theorem 
13.11 follows easily. 

We note here one can also give a proof of Theorem 13.11 following the methods in [10] and [1] as 
one checks readily that the right-hand side inequality of (|3.3p follows on taking a = a, j3 = b, \i n = 
a? + afrsin(n + l)i/ sin(nt), t = ir/(N + 1) in inequality (|2.2p and summing for n = 1, . . . ,N — 1. 
Similarly, the left-hand side inequality of (|3.3p follows from on taking a = a, (3 = b, fj, n = a 2 — 
a6sin(n + l)i/ sin(nt), t = tt/(N + 1) in inequality (|2.2p (with inequality reversed there). 
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